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ABSTRACT : A covariant, unitary and gauge invariant theory for pion photoproduction 
on a single nucleon is presented. To achieve gauge invariance at the operator level one 
needs to include both the ttN and 77? N thresholds. The final amplitude can be written 
in terms of a distorted wave in the final nN channel provided one includes additional 
diagrams to the standard Born term in which the photon is coupled to the final state pion 
and nucleon. These additional diagrams are required in order to satisfy gauge invariance. 



Most calculations to date for pion photoproduction on a single nucleon have included 
two ingredients: (i) A Born term which is taken to be gauge invariant, (ii) A final 
state interaction or distortion that is needed to satisfy the Watson theorem or unitarity. 
However, the inclusion of the pionic degrees of freedom into the problem changes the 
current and charge distribution and thus the coupling of the photon to the nucleon. 
Hence any consistent theory of pion photoproduction has to include the effect of the 
pionic degrees of freedom on the charge and current distribution. In other words one 
needs to satisfy unitarity and gauge invariance at the same time. Clearly, the inclusion of 
both of these symmetries to all orders requires a full solution to the field theory. Here, we 
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propose to present a formulation that satisfies two-body unitarity and gauge invariance 
to first order in the electromagnetic coupling. 

The starting point of this formulation is the one particle irreducible irNN three-point 
Green's function given by 

G{q,p';p) = J d i x 1 d 4 x 2 d i x 3 e iip '- X3+q - Xl - p - X2) < O|T(0(x 1 )^(x 2 )^(x 3 ))|O > 

= S( P ')A(q)4 ) \q,p';p)S(p), (1) 

where the spin, isospin labels have been suppressed. Here, S is the nucleon propagator, 
A is the pion propagator, and Ag 1 ^ is the one pion irreducible nNN vertex. Since at 
this stage we are considering two-body unitarity only, we will restrict the dressing of the 
nucleon so that the final ttN <— jN amplitude has at most one pion in every intermediate 
state. This allows us to write the nNN three-point Green's function as 

G(q,p';p) = S (p')A(q)A^\q,p';p)S(p) , (2) 

where Sq( P ) — (p 1 — m)^ 1 and S(p) = (p" — m — E^ 1 )^)) -1 , with E^ including all 
contributions to two-body unitarity from mass renormalization. 

The photoproduction amplitude is then constructed by gauging Eq. (^|) and applying 
the LSZ reduction to the resulting four-point Green's function. The method of gauging 
employed was the minimal substitution p^—^p^ — eA^, where P/1 is the four momentum 



of the particle. This results in the following substitutions ||T], |2j 

S(p) - S(p) + S(p')T ll (k,p',p)S(p)A» , (3) 

A(q) - A(q)+A(q')T;(k,q',q)A(q)A» , (4) 

A^\q,p',p) - 4 ) \q,p',p) + T c /(k,q,p>,p)A» . (5) 



i.e. the photon couples to all possible external lines and vertices present. We have 
followed a procedure developed by Ohta |2j in which (i) a Taylor series expansion is 
assumed to exist for the form factors present, (ii) perturbation theory can be used to 
replace various operators by eigenvalues, and (iii) we restrict ourselves to first order in 
the electromagnetic coupling. Applying the substitutions of Eqs. to Eq. (^) leads 
to the four classes of diagrams || describing the photoproduction amplitude, 

A« f S rW + If) S A« f + Tf > A A« f + ifW , (6) 

where T^ 1 ** is the one-particle irreducible photon nucleon vertex, T^ 2 -* is the photon pion 
vertex which is taken to be the bare vertex, and T^ T ^ is the ttN <— ^N amplitude re- 
sulting from the coupling of the photon to the rcNN vertex, Ag 1 ^. Here the irreducibility 



is given with respect to the number of pions and nucleons only. This amplitude is by 
definition gauge invariant with the photon vertices satisfying their corresponding Ward- 
Takahashi identities |g § |. 

To establish the fact that the amplitude for vrA^ <— jN, as given in Eq. (^) satisfies 
two-body unitarity, we follow the procedure of Araki and Afnan (AA) and classify a 
diagram's contribution to the amplitude according to it's irreducibility. However, unlike 
AA who included first the tcN threshold for two-body unitarity and then the imN and 
jttN cuts for three-body unitarity, in this case we include both the tiN and 'jttN unitarity 
cuts, since the corresponding branch points are at the same energy, to satisfy two-body 
unitarity. 

Exposing the nN unitarity cut results in the following integral equation for the vriV 
amplitude || 

t(°) = v (l + gt<®) (7) 

where v is the Born amplitude given by v = t® + A^SoA^ , and g = S A is the ttN 
propagator. For the tiN <— 7^ amplitude exposing the 7iN cut gives 

M (0) = v + vgM {0) , (8) 

with v = +A£ n S rW. In this case v is not the Born amplitude, since exposing the 
jttN cut in I^ 2 ) gives 

F (2) = r (3) + r 3(3)^ A (Dt ; (9) 

where r 3 ^ 3 ^ is the N <— 'jtcN amplitude. Similarly, exposing the jttN cut in gives 
M m = r CT (3 ) + pg) gA M + i-^AA^ + V^SqA^ , (10) 

where T CT ^ is the tcN <— 7 A amplitude, is the Nir <— j%N amplitude, and T n ^ 
is the 7r <— 77r amplitude. This results in v being given by 

v = r^ + ifi^ + r^AA^ (11) 

which contains more physics than just the Born amplitude. By comparing the above 
result for the photoproduction amplitude which satisfies two-body unitarity, with the 
amplitude in Eq. @, we can establish that they are in fact identical 0. 
If we now iterate Eq. @ and make use of Eq. (0), we find that 

M<® = (t®g + l)v = (t®g + l)v B + (t®g + l)v R , (12) 



Figure 1: These are the non-Born diagrams which contribute to the pion photoproduction 
amplitude. The numbers in the circle give the irreduciblity of each amplitude. 

where Vb is the Born amplitude and vr contains the additional diagrams required to 
maintain gauge invariance which are illustrated in Fig. [I]. 

This result also proves that the commonly used procedure for unitarizing the Born 
amplitude in terms of the irN amplitude, i.e. 

M (0) = (t (0) g + 1) v B , (13) 

does not satisfy gauge invariance. This is due to the fact that the derivation of Eq. flilf ) 
involves the inclusion of the nN threshold, which is what unitarity requires, and only the 
lowest order diagrams containing a '-/ttN intermediate state, into vb- However, to satisfy 
gauge invariance, the full ^nN threshold should also be included, which is what one 
expects considering the fact that the two thresholds start at the same energy. We should 
also note that the additional terms resulting from the inclusion of the 'ynN threshold 
give rise to the dressing of the vertices in vb, and this dressing is required to satisfy 
gauge invariance. 
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